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The mathematical formulation of the problem of determining the 
electrodes for the formation of intense beams of charged particles re- 
duces to the solution of the Cauchy problem for the Laplace equation. 
One can proceed either by separating the variables [1] or on the basis 
of the theory of analytic continuation [2-5]. This approach can be 
used for plane or axisymmeuic flows. An algorithm for the construc- 
tion of the analytic solution, which can also be used in the three- 
dimensional case, is given below, It is assumed that the beam bound- 
ary coincides with the coordinate surface x i = 0 of an orthogonal sys- 
tem x i (i = 1,2,3).  The solution i2 put in the form of a series in x ~ 
with coefficients dependent on x ~ and x s, determined from recurrence 
relations. The case of emission limited by space charge and tempera- 
ture generally gives rise to difficulties due to the divergence of the 
series which makes it impossible to calculate the zero equipotential by 
~he indicated method. 

As an example, the formation of beams with an elliptic cross section 
is considered in the following cases: (1) periodic variation of the z- 
component of the velocity; (2) nonmonotonic variation of the poten- 
tial in one-dimensional flow between planes z = const; (3) a beam 
accelerated in accordance with a 3/2 law. 

In the construction of the expansions the conditions on the boundary 
are satisfied exactly by the first two terms of the series. 

1. C O N S T R U C T I O N  O F  G E N E R A L  S O L U T I O N  

W e  r e l a t e  t h e  s u r f a c e  of t h e  b e a m  to  a n  o r t h o g o n a l *  

c o o r d i n a t e  s y s t e m  x i (i = 1 ,  2 , 3 )  a n d  t a k e  x 1 -= 0 a s  i t s  

e q u a t i o n  in  t h i s  s y s t e m .  T h e  p r o b l e m  c o n s i s t s  in  c o n -  
s t r u c t i n g  t h e  s o l u t i o n  of  t h e  L a p l a c e  e q u a t i o n  

s a t i s f y i n g  t h e  f o l l o w i n g  c o n d i t i o n s  w h e n  x 1 = 0: 

= q) (z  ~, ~) ,  1 / ~ r 8 9 / O x  i = e (x ~, xa). (1 .2)  

S i n c e  i t  i s  i n t e n d e d  to  s e e k  t h e  s o l u t i o n  i n  t h e  f o r m  

of  a s e r i e s  in  x 1 w i t h  c o e f f i c i e n t s  d e p e n d e n t  on  x ~ and  x ~ 

9 = 9~ (xl) ~ (~ = 0, l , . . . ) ,  (1.3) 

we pu t  t h e  e l e m e n t s  of t h e  m e t r i c  t e n s o r  g ik ,  a n d  a l s o  
of  t h e  c o m b i n a t i o n  (g ) l /2g ik ,  in  t h e  f o r m  of s i m i l a r  

s e r i e s  

g n  = a~ (xl) ~, 1,/'g'g l l  = a~ (xl) ~, 

( k = 0 ,  t . . . .  ). (1 .4)  

H e r e  t h e  s u b s c r i p t s  k h a v e  t h e  u s u a l  m e a n i n g  of  

t h e  o r d i n a l  n u m b e r  of t h e  t e r m s  of  t h e  s e r i e s  a n d  
p o w e r s .  

*The system x i is assumed orthogonal for simplicity; 
nonorthogonality only complicates the calculations. 
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S u b s t i t u t i n g  (1 .3)  and  (1.4) i n t o  (1.1)  and  e q u a t i n g  

t h e  c o e f f i c i e n t s  of e q u a l  p o w e r s  of  x I w e  a r r i v e  a t  t h e  

r e c u r r e n c e  r e l a t i o n s  f o r  t h e  d e t e r m i n a t i o n  of  ~0 k 

s ~ ( s - -  k + i )  %%_~+~ + 

S - - I  

+ ~ {II% (%_~_,.)~ h + i'r~< (%~_,1~ 1~ } = o 
k------ll 

(s = t,2 . . . .  ) .  (1 .5)  

H e r e  t h e  p r i m e  d e n o t e s  d i f f e r e n t i a t i o n  and  t h e  s u b -  

s c r i p t  i n d i c a t e s  t h e  c o o r d i n a t e  w i t h  r e s p e c t  to  w h i c h  
d i f f e r e n t i a t i o n  i s  c a r r i e d  out .  
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We write out a few terms of the expansion of the 

potential 

% - =  (D, r = eao 'I', 

~ = [ r  aUao'l. + 1/2 rl)  8 + % T~q)~' + 

§ rsmQ'-- i/, (o~," + or ~0, 

(Pa = {116 eadao ~ - -  lisa eal 2/ao ~ -~- i/a (ai/ao'l*) (Tie  + 

+ I'~(9p' + T3(I) a '  - -  (I)p" - -  OQ')  ~ 1/0 eT~s' + 

+ 1/a T1 (1/~ Tie  + Tz(Ile' + T3q)O' - -  (I)p" - -  (l)qe) + 

+ ~/6 [(2k~ + k~) (sp '  - -  k~e) + (251 + 5~) (eq' - -  5~e) - -  

- -  ( e p ' - -  k l s ) p ' - -  (eq '  - -  5iS)q'] + 1/6 [niTs - -  

- -  u2 (2kl + ks) - -  rip' + u2e' + k~s'] q h "  + 

+ i/,  [ ~ T 2 - -  • (251 + 52) + uiQ' - -  u2Q' n a 51s'] (DQ' - -  

- 11, (• • ( $ P "  - -  mQ")}  a o ' i ,  . (1.6) 

B e g i n n i n g  w i t h  cp2 t h e  c o e f f i c i e n t s  in  (1 .3)  d e p e n d  
no t  o n l y  on  t h e  d e r i v a t i v e s  of t h e  f u n c t i o n s  {~ a n d  e 

w i t h  r e s p e c t  to  t h e  a r c s  P a n d  Q of t h e  c u r v i l i n e a r  
axes x 2 and x 3 

but also on the geometry of the surface. Here ~i and 

~2 a r e  t h e  p r i n c i p a l  c u r v a t u r e s  of t h e  s u r f a c e  x ~ = 0; 
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T i  = ~ l  + w-2 is  i t s  to ta l  c u r v a t u r e ;  kl ,  k~. and T2, and  51, 

5 2 and  T 3 a r e  the  i p r i n c i p a l  a n d  t o t a l  c u r v a t u r e s  of the  

,q-/ 

g 
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c o o r d i n a t e  s u r f a c e s  x 2 = e o n s t  and  x a = cons t ,  c a l -  
c u l a t e d  fo r  x 1 = O: 

t 0 In g2~ i 0 In gas 

i 0 In gn k~ = i ~ In g~ 
k ,  -- 2 ~ c3x~ ' 2 ~ Oxz ' 

1 0 In gl~ ~ = i 0 In g~ 

In  add i t ion ,  
l i n e a r  ax i s  x i, 

S i s  the  l eng th  of the  a r c  of the  c u r v i -  
o r t h o g o n a l  to the  b e a m  s u r f a c e  

S =  f ] / ~ u d x ~ ,  

so t ha t  T ~S, fo r  i n s t a n c e ,  m e a n s  the  r a t e  of c h a n g e  of 
the  to t a l  c u r v a t u r e  of the  s u r f a c e s  x ~ = c o n s t ,  c a l c u -  
l a t ed  for  x 1 = 0. The  va lue  of t h e  c o e f f i c i e n t s  d e p e n d s  
no t  on ly  On the  g e o m e t r y  of the  p r o b l e m ,  b u t  a l so  on 
the  m e a n i n g  of the  p a r a m e t e r  in  t e r m s  of wh ich  the  
e x p a n s i o n  i s  m a d e .  We c a n  t hus  c o n s t r u c t  s o l u t i o n s  in  
s y s t e m s  o b t a i n e d  f r o m  one a n o t h e r  by  t r a n s f o r m a t i o n s  

~ o  
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of the  t ype  (xi) ' = f ( x i ) ,  wh i c h  do not  a l t e r  the  g e o m -  
e t r y  of the  c o o r d i n a t e  s u r f a c e s  x 1 = c o n s t ;  t he  e l e -  
m e n t s  of the  m e t r i c  t e n s o r ,  h o w e v e r ,  b e c o m e  d i f f e r -  
ent .  Fo r  i n s t a n c e ,  for  a c y l i n d r i c a l  b e a m  R = c o n s t  in  
the  c a s e  of t r e a t m e n t  in  p o l a r  c o o r d i n a t e s  (1) R, ~, z 
and  c o o r d i n a t e s  (2) In R, 0, z we have  

(1) g n  = l ,  g22 = (xI) 2, 

a o ~ ~. ) a 2  = a a 

(2) gn  = exp(2xl), g~ 

T r a n s f o r m a t i o n s  (xl) ' 
s i m p l i f y i n g  the  f o r m u l a s  for  d e t e r m i n i n g  ~0 k in  (1.3);  
in  add i t ion ,  the  r e g i o n  of c o n v e r g e n c e  of (1.3) depends  
on t he  m e a n i n g  of x 1. 

= exp(2xi), ak = 2~/k! .  

= f ( x  I) c an  be u se fu l  for  

E x p r e s s i o n s  (1.6) t a k e  a u n i v e r s a l  f o r m  if we c o n -  
v e r t  to an  e x p a n s i o n  in  t e r m s  of t he  a r c  S of the  c u r v i -  
l i n e a r  ax i s  x I by  m e a n s  of t he  r e l a t i o n s h i p  

S-- -a-5O + 6  o0,-  )s3+ . . . .  

P e r f o r m i n g  t h i s  t r a n s f o r m a t i o n ,  we ob t a in  

r = (D -k ~S q- i/2 (Tie -k T~@/+ 

-{- TadOO' -- (1)p" -- (1)O") ,5 z -~- i/e {2Ti (112 Tie + 

+T~@/+ Ta@o ~- ~/'-- D0" ) q- eT1s' + 

+ (2k, + k=) (8v ' - -  k~e) + (261 -{- 6~) (eo ' - -  61s)-- 

-- (ep'--k~eh,'-- (so'-- 6~e)r + 

+ I x ,  T=- -  x= (2kl + k~)--- zip '  + X2p' + kis'l  q)P' 4 

+ [x,~Ta -- ul (261 + 6~) + Xlr -- z~ O' + 61s'I q>r -- 

-- (ul-- us) (ep" -- ~PQ")} S a ~- .... (1.7) 

2. SOME COMMENTS 

The  p r o p o s e d  a l g o r i t h m  fo r  c o n s t r u c t i o n  of the  s o -  
l u t i o n  e n a b l e s  us  to c o n s i d e r  t h r e e - d i m e n s i o n a l  p r o b -  
l e m s .  In  add i t ion ,  in  the  g e n e r a l  c a s e  the  q u e s t i o n  of 

o ~7 
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c o n v e r g e n c e  of e x p r e s s i o n  (1.3) r e m a i n s  open.  Below 
we wi l l  t ake  spec i f i c  e x a m p l e s  to d e m o n s t r a t e  the  
d i f f i c u l t i e s  wh ich  c a n  be  e n c o u n t e r e d  in  the  f o r m a l  
a p p l i c a t i o n  of the  m e t h o d  and  we a l so  a t t e m p t  to d e -  
f ine  i t s  r a n g e  of va l id i ty .  

2.1.  F o r m a t i o n  of r i b b o n - s h a p e d  b e a m .  We c o n -  
s i d e r  the  p r o b l e m  of f o r m a t i o n  of a r i b b o n - s h a p e d  
b e a m  in  the  c a s e  of e m i s s i o n  l i m i t e d  by s p a c e  c h a r g e .  
T h i s ,  as  we know [6], ha s  an  a n a l y t i c a l  s o l u t i o n  e x -  
p r e s s e d  by the  f o r m u l a s  

q~ = (x  2 -~ y~)'], cos a/3 arctg (y / x) = R 4/, cos 4/3~. (2.1) 

The  c o n s t r u c t i o n  of e x p a n s i o n  (1.3) in  C a r t e s i a n  
c o o r d i n a t e s  l e a d s  to the  fo l lowing  r e s u l t :  

s~%+ 1 + %_[ = 0, 

co 

~2 (--i)~ d~: �9 y~, (I) = x~ ~ 
q) = ~--0 (2k)! dx~l; ' " 

(2.2) 

It  i s  e v i d e n t  tha t  (2.2) c o n v e r g e s  when  ]y/x] < 1, 
a l though  e x p r e s s i o n  (2.1) has  a m e a n i n g  for  any  x , y .  
F o r m u l a  (2.2) i s  va l id  for  the  c o n s t r u c t i o n  of s u r f a c e s  
~o = c o n s t  s u f f i c i e n t l y  f a r  f r o m  the  e m i t t e r ,  b u t  does  
no t  c o n t r i b u t e  a n y t h i n g  to the  d e t e r m i n a t i o n  of the  z e r o  
e q u i p o t e n t i a l .  
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It  i s  of i n t e r e s t  tha t  on c o n v e r s i o n  to p o l a r  c o o r -  
d i n a t e s  x ~ = ~, x 2 = R, we  have  

gli  = / ~ ,  g~2 ----- t ,  a0 ---=- R- i ,  ~0 = ~ ,  

~ = ~ = 0  (~>0), 

s (s + i)  B-~%~ + (/~%2~)' = 0, 

(D = B  v', e = 0 .  (2.3) 

It is  e a s y  to see  tha t  a l l  q)2k+~ = 0, ~2k = c~k R4/~, 
w h e r e  c zk a r e  the  c o e f f i c i e n t s  of the  e x p a n s i o n  of 
cos4~b/3 in  a s e r i e s  c o n v e r g e n t  for  a l l  @. 

The  s a m e  d i f f i cu i ty  a r i s e s  in the  p r o b l e m  of f o r -  
m a t i o n  of a c y l i n d r i c a l  b e a m  [7] a c c e l e r a t e d  in  a c -  
c o r d a n c e  wi th  a 3 /2  law. The  d i f f i cu l t y  c a n  be o v e r -  
c o m e  in  e x a c t l y  the  s a m e  way,  by  c o n v e r t i n g  f r o m  the  
s y s t e m  x 1 = R, x 2 = z, x a = ~ to c o o r d i n a t e s  

z l =  [ ( B - - t )  2 +z~l'l o, 

x 2 = arc tg [(R - -  t) / z], x ~ = ~ .  

Thus, in the treatment of flows with special points on the beam 
boundary (for instance, emission limited by space charge and tem- 
perature), we cannot, generally speaking, obtain a complete picture 

0 

'e-e, l ! 

0 
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of the equipotential surfaces without special contrivances. In the op- 
posite case (nonzero velocity everywhere) we can expect that the re- 
gion and rate of convergence will depend only on the geometry of the 
boundary, the distance from it, and the form of the functions ~ and e. 

2.2. F o r m a t i o n  of a n n u l a r  b e a m .  U s i n g  the  m e t h o d  
of w we d e t e r m i n e  the  f o c u s i n g  e l e c t r o d e s  fo r  the  
a n n u l a r  e l e c t r o s t a t i c  b e a m  c o n s i d e r e d  in  [8]. The  
p a r t i c l e s  m o v e  in  c i r c u l a r  pa ths ,  and the  p o t e n t i a l  in  
t h e  r e g i o n  f i l l ed  by c h a r g e s  is  g i v e n  by  the  e x p r e s s i o n  

L e t x  l =  l n R ,  x 2= @. Then  

gn = g22 = V-g = exp (2x~), 

V - ~ g ~  = ] / ~ g 2 ~  = l ,  a o  = [~o = l ,  

a ~ = ~ = O  (k>0). 

Relationships (1.5) take the form 

s (s + 1) %1 + %"~ = 0. 

The conditions on the beam boundary R = ! in this 
c a s e  a r e  

The s o l u t i o n  of the  p r o b l e m  is  g iven  by the  s e r i e s  

(--I) ~ (i)(~) 2 (-- t) t~+1 
92k = ~ , 9~l,+l (21~ + t)! CI)(~4' 

cQ 

9 =  ~ ( - - I ) '  d'~(~ ( l__ 2 ~  in R) (in R),, ' (2.4) 

which  c o n v e r g e s  a b s o l u t e l y  for a l l  R and ~b ~ 27rk/3 
(k = 0, 1, 2). E x p r e s s i o n  (2.4) c a n  be  u s e d  to  c o n s t r u c t  
the  c o m p l e t e  se t  of s u r f a c e s  ?) = c o n s t  and  is  a n o t h e r  
n e w  f o r m  of the  s o l u t i o n  [1, 2]. 

RiTcg_e~---1 - - j d  .~ ~=o, ?=~.o5 ~--T l 

ee.~ ~ . , I 

0 trcg 
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2.3. P e r i o d i c  f o c u s i n g  of r i b b o n - s h a p e d  b e a m .  In  
the  t h e o r y  of p e r i o d i c  focus ing  t h e r e  a r e  a p p r o x i m a t e  
s o l u t i o n s  of the  f o r m a t i o n  p r o b l e m  b a s e d  on a p p r o x i -  
m a r i o n  of the  n o n m o n o t o n i e  v a r i a t i o n  of p o t e n t i a l  on 
the  b e a m  b o u n d a r y  by  a q u a d r a t i c  p a r a b o l a  or  a c o -  
s i ne  c u r v e  

9 o = ~  + ( t - - ~ )  ( x / ~ - - t ) L  

% = t - -  (t --a) cos(ax/2( 0, s = 0 .  (2.5) 

H e r e  c~ and cr a r e  c o n s t a n t s  d e t e r m i n i n g  the m i n i m u m  
va lue  of the  p o t e n t i a l  and  the  p o s i t i o n  of the  m i n i m u m .  
The  use  of r e l a t i o n s h i p s  (1.5) in  C a r t e s i a n  c o o r d i n a t e s  
l e a d s  to e x p r e s s i o n s  (2.2) wi th  4> g iven  by  f o r m u l a s  
(2.5). As  a r e s u l t  we o b t a i n  

9 = ~ +  ( t - - a ) [ ( x ] z - - t )  2 - y 2 1  , 

= -- c~ ~ \ - ~ /  = 

= t - -  ( I  - -  a )  c o s  2 E  c a  ~ - .  ~ " ~y 

A n o t h e r  e x a m p l e ,  w h e r e  s e r i e s  ( 1 . 3 ) c a n b e  s u m m e d ,  
thus  r e d u c i n g  t h e m  to e l e m e n t a r y  f u n c t i o n s ,  wi l l  be  
g i v e n  below.  

/~-Ro ~=0~ 

i '0000d 
<i I//7 

!J// /1.s? 

0 

],=oy 1 ~=9~T-- ='qo" ---]I 
< -  

Fig.  7 

3. FOt~'VlATION OF BEAMS OP ELLIPTIC CROSS SECTION 

As an illustration of the general method we give the solution of 

90 = (I) = (sin 3/2 ~)%, 91 = - -  2113. several problems of formation of beams of elliptic cross section. We 



4 ZHURNAL PRIKLADNOI  MEKHANIKI  I TEKHNICHESKOI  F I Z I K I  

will use elliptic cylindrical coordinates g, 77, z, connected with the 
Cartesian coordinates x, y, z by the formulas 

z--~.a ] / ~ - - i  sh ~sin ~, 

(3.1) 

Let g0 -< g < ~,  0 -< ~ -- 2 be the Laplace region, and let a be 
the semiminor axis of the ellipse-boundary, g = go, $ = (b/a) 2. The 

30 ,? '~=a2 J.,90' 
Rq',, ', -...~.O~ 

q,'Z~.' < " ~  

~'r \ i 
f ro 

Fig .  8 

metric in (3.1) is given by the expressions 

gn = g2~ = ~ / ' g =  a~ (~ -- t)  (sh~ 2t- s in~) ,  g2s = 1. (3.2) 

Thencx 0 = 1 ,  B0 = 1, a k = g k  = 0 w h e n k > 0 a n d  

7o = 7o 01) = aZ (~ -- t) (sh ~ ~o + sin~ ~1), 

T~I;_ 1 ~ a 2 ([~ - -  1) sh 2~  (2k -2- l)l - -  const, 

2 2 / , ~ 1  

T2 k -~- a 2 (~ - -  t) ch 2~ ~ ~ const. 

The recurrence relations (1.5) take the  form 

s (s + 1) % + i +  

$--1 

4-(%_i)~" + ~ % (%_1;_1)g" = 0  
/,=0 

(s = t, 2 . . . .  ). (3.3) 

Taking th2g o = 1/3,  we arrive at the final formulas for 7k 

Yo= a~H(~l) = 1/2 a~ [ ( ~ +  1 ) - - ( [ 5 - -  l)eos2~l], 

We will assume henceforth that the potential on the beam bound- 
ary consists of the sum of functions P(~) and W(z), and the normal 
derivative depends only on ~. 

3.1. Coefficients of expansion in the general case. Using the re-  
currence relations (3.3) and confining ourselves to the first twelve 
terms of the expansion, we obtain 

% = P (~) + W (z), % = e 01), 

1 t 
~ = _ ~. p .  _ ~ ~2H (n) W", 

1 t 
~a : - -  ~ .  s" - -  - ~  abW", 

t I 
a~H2 (~l) wIV - -  + a2H �9 ' = "N-. pry + ~ (~) w", 

�9 ~ a 3bH (~l) W V __ abW", t 5  
t �9 pVI - -  ~ a~H3 0]) WVI + 

t 
+ -~-6- a~ [H~ (~1) + 6 ~ ] W I V - - ~ ' ~ a 2 H ( ' q ) W " ,  

i u i 
97 = - -  ~ s - -  2-g6 aSbII~ 01) WvI + 

+ ~'~-'-~aSbIHO1)+ ~--~(~+ i ) ] w i V - - , ~ a b W  ", 

r  ,~VIII-- t aSH 4 01) WVII I  s -  8I ~- ~- 8! 

- -  7@0 a6H (~1) I H '  01) + ~ ~]WVI + 

I i t 

+ 1 ~  ~ 

_ _  ~ eVl l I  l . _ _ ~  ~ aTh143/~IJ/VIII  
q~s-- 9[ ~ 7 - t1340-  ~ "  ~qJ'" - -  

t0 1 "V~ 

t a 
+ ~ - ~ a b [ H ( * l ) + - ~ ( ~ +  l ) ] W I V - -  2 - ~  a~W" , 

1 x t 
qho = - -  ~ P - -  ~ al~ (~1) wX + 

i 
+ ~  a2H2 01) [H2 01) + 4~] W v m -  

7 IHS (n) 180 8H + ~  - -  ] ~ a  6 __ , 
-iV (n) ~ (~ + 1)j + WVI 

17 
+ ~  a4[H2 (~1) + ~52 ~l WIv  i 14175 a~H 01) W ~, 

t x t x 

l 
+ 1 ~  aTbH (~1)ill2 (~1)+ ~@~t H 01) + ~l Wu 

t C 7 + t 1 -fro aSb[~-ff H2 01) + H (~1) + ~ (~  + 

+ 26~ + 1)] W'VX + t@0 a ~ b I ~  H(~I )+  ~ - ~ ] W  I v -  

2 
155925 abW". (3.5) 

We note that the coefficients of the potential expansion for a cy-  
lindrical beam are obtained from (3.5) with a = b = $ = H = 1. Hence- 
forth, as a characteristic length in the plane g, ~ we take the semiminor 
axis of the ellipse-boundary; for this we put a = 1 in formulas (3.5). 

] i,',,? ! 
I ,s k .~, 

--<d._,g 

O ~ '0  7r 

Fig.  9 

3.2. Beam with periodic variation of z-component  of velocity.  
We determine the  shaping electrodes for a flow with periodical varia-  
tion of the z-component  of the velocity, the case investigated in [9]. 
The particles in this case move over the surface of elliptic cylinders 

= const in a homogeneous magnet ic  field H = H z. The conditions at 
the beam boundary are given by the formulas 

~ + 1  a ~ - - t  
% : 2 -  ~ - -  2 ~ c o s 2 ~ l + W ( z ) ,  

~' ( a ) ~  C~ 

c , @ + l ) ( t  ~ - - 1  9~= - ~  - - - ~ - f  cos 2 ~1), 

K ~ e ] o  
- -  co2 = ~o~ + tl2, (3.6) d = /n, 0)3 
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Here e / m  is the specific charge of the particle, J0 is the current 
density in the z-direction, ~L is the Larmor frequency, ~ = const, and 
WL > a. Formulas (3.6) are written in the dimensionless variables (the 
symbol for the dimensionless quantity is omitted) which will be used 

in the subsequent treatment, 

x ~ _ ~ y z ~ _ z e~p 
-- a ' Y~  a ' d ' ( P ~  (3 .7)  

The function W = W(z) is assigned parametrically 

W = (t - -  ? cos tp, z = t - -  y sin t, (3.8) 

Some of the terms of the series for ~, containing P(n), ~(~), and 

their derivatives, can be summed. We then obtain 

~ ( - - t )  ~ H k W(2~)E~" t 
+ W + z2 (2k)! - - ~  V ~ w ' z ~  - -  

-- -~- a w " .  + ~ V~-(HW Iv -- W") E ~ + 

I 
HW ~] E ~ 

- t 
+V-1~{--2- '~H~wVI+ 6 @ [ H +  3 " ~ -  (~ -~ l)j W TM _ _  

-~w'}r~,+ [_ i (H,+~)w v' ~'6H + 
t t2 \ I-" t -I + N ( " +  w 

~ vHr ~ ~ ~I to x v~ 
+ ]/-~{11340I-I W - -360(H + - - H - + ' ~ ' { ~ I )  W + 

t + y3_~ [H + 3 (~ + i)] w ' v -  2T35 w"} ~ + 

+ {a0_02~ H, (H, + 4~) w.Vr u _  - -  t ~  k " 7  [ . 3  - -  --~-~tt + 1 8 0  

+ ~ i~(i~+ i)] wV,  + i7 ~ (a' + i~--~ ~) w tv- 

14175 HW,,} EIo + V-~-{_ t 7 9 ~  H~wX + 

+ t0-~5t H ( H ~  + I ~ _ t _ _ H +  ~ ) W  "VIt l -  

t 7 t 
+ 28~ + 1)] w W +  ti0 [gO H~+ ~4@ H + ~ ( ~  Z 

i7~ ~5~ H + - -  

~ w ~  . . . .  ,z + w  + ~ +o., 

E = ~ -- g~. (3 .9 )  

The bracketed expression with which formula (3.9) begins is a har- 
monic function and determines the focusing electrodes maintaining an 
elliptic beam [9] (W = 0). We denote it by ~. Figures 1-10 show the 
results of calcuIation of the equipotential surfaces for severalvalues of 
B and L < 1, where the variation of the z-component of the velocity is 
described by a curtate cycloid. In this case d/a = (2) t/s, O <- z <- rr, 
and the picture is symmetric relative to z = 0 and z = ~r. Figures 1-4  
are for cylindrical beams. We recall that the quantity y defines the 
region of variation of the potential on the boundary with movement 
along the z-axis. The criterion of accuracy was the value of the dis- 
crepancy modulus N(~, rh z; n) = Aq(g, r/, z; n). At eachpoint thenum- 
bet of terms of series (3.9) in the range n = 0 . . . . .  11, 

k=O 

O 0 = ~ F + W ,  ~ i = 0 ,  (3.10) 

was automatically chosen so that the discrepancy was a minimum. 

The greatest distance from the beam boundary was determined by the 

requirement iNI -- 0.2. The fmaction n(R, z) for B = 1, y = 0.4 is shown 
in Table 1, Here l = Rf/AR is the number of steps, counted from R = 1, 
up to which we must use n(RJ/AR) terms of the expansion. For in- 
stance, for t = 20 ~ and 1 = 1 we have n = 8, for l = 2 . . . . .  10 we take 
n = 11, and for l = 11 . . . .  , 28, n = 7; here AR = 0.025. The require- 
ment ]N I << 1 when ~ ~ 1 is fairly strict. Table 2 gives the potential 
values ealculated from formula (3.10) for different n and the corres- 
ponding discrepancy values, 

&to [t=g 2#,~ 

a75 

--f~8$3 

%.. 
0 

F i g .  

.st 

10 

We note that the presence of a kink in the curve W = W(z) when 

t = ~/2 enables us to write an exact expression for the potential cex(g, ~) 
in the plane z = Tr/2 - y 

- ~ 7 -  s - 

( )] 2~ eos2~] e h 2 E +  sh2E + i - - ~ + l .  (3.11) 

This makes it possible to estimate the error at the points of maxi- 

mum distance from the beam boundary; when 7 = 0.4 it does not ex- 
ceed 3~ for potential and 5% for R. As is to be expected, the con- 
vergence of the expansions becomes worse with increase in 5 and y. 

The higher-order derivatives in (3.9) were determined analytically 
by differentiation of the equation for W; this entailed the use of its 
first integral 

W"  = 2 (W - 'h -- t), 

W '~ = 8V//' - -  4W + 4 (?* --  t). 

FigUres 5-9 show the curves obtained from the intersection of the 
surfaces ~p = const by the half-planes ~ = 0 and 0 = 90 ~ Here R and 
are ordinary polar coordinates with the pole at x -- y = 0 and angle 

measured from the semimajor axis of the ellipse-boundary 

R o = [~IA[I + (~ --  t) sin2ap] -% . (3.12) 

When r = 0, the potential at each of the cross sections z = const 
varies nonmonotonically, attaining a maximum value at some dis- 
tance from R = R 0. This leads to the appearance of closed curves, fi- 
nally contracting to a point. When ~ = 90 ~ the potential maximum 
presumably occurs at large R. 

Figure iO shows the evolution of the equipotenrXals ~ = 1.33863 

and ~o=l .320from r  to r  ~ (~=0 ,5 ,10 ,30 ,60~  The first of 
them at ~O = 0 degenerates into a point. With increase in ~ the curves 
move from right to left. Between 10 and 30 ~ the equipotentials split 
[the second (upper) branch is not shown in the figure]; R 0 varies in ac- 
cordance with formula (3.12). 

Figure 1 shows the change in the discrepancy for 5 = 1, y = 0.05 
and y = 0.4, t = 0, 80, and 180~ a logarithmic scale is used for IN]. 

We note that a flow with periodic variation of Vz cannot be real- 
ized with a two-electrode system, at least with the potentials indi- 
cated in the figures. However, this is also a feature of an annular 
beam in the acceleration region 0 -< a -< 60 ~ 

3.3. Case of nonmonotonie variation of potential in flow between 
parallel planes. In the dimensionless variables usedin[10], the Cauchy 
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'"WI ,~'o ~ 
! I X / l / "  
/ i s 

~s. ! , r/_C!X V ~! 

" ' i l l / ~  ' 
,.i!1/ 

J 2 

Fig. ii 

/Ill=! 
- -  } , ~ o 5  
- - -  ~-~.# 

R-f 
3 0 r Z 

Fig. 12 

r 2 Z 

3 

f.~ f7f? ?j~ f3~ ~q 

0 

Fig. 13 Fig. 14 
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Table  I 

~-~--1, y = 0 . 4  

t, �9 n (R//AR) t, ~ n (Rt/Ait) 

0 
i0 
20 
30 
50 
50 

60 

70 

80 

1t 08) ,  t0 (19] 
i i  (20), lo (22) 

8 ( l) ,  i t  (to), 7 (28) 
9 (l), 11 (15), 5 (29) 
9 (t), l i  (i8), 4 (29) 

8(t ) ,  i t  (3), i0(8) ,  i t  (27), 
9 (35), 3 (40), 9 (42), 3 (46) 

8 (1), 10(2), t i  (3), 9 (5), i l  (27), 
8 (49), 2 (54) 

8 0 ) ,  ~0 (2), t i  08) ,  8 (30), 
2 (33), 8 (40) 

8 (1), t0 (2), 11 (i2),8 (16~, t1 (45) 

t00 
i t 0  
i20 
i30 
t40 
150 

i60 

170 
i80 

9 ( t) ,  i t  (64), 7 (65), l i  (73) 
9 (1), I I  (t2), 8(13), t t  (72), 7(8t)  
9 ( l ) .  i i  (23), 8 (26), i i  (85), 7 (96) 

9 ( t ) ,  i t  (39), 8 (47), i t  (98) 
9 (1), I t  (61), 8 (70), l i  (i04) 

i0 ( l ) ,  9 (3), i i  (i0), 9 (i4),  l i  (91), 
8 (94), 11 (i09) 

t0 ( i) ,  9 (3), l i  (28), 9 (47), 
i i  (109), 8 (120) 

l0 ( t) ,  9 (3), i t  (43), 9 (65), i i  ( t i6)  
10 (1), 8 (2), 9 (3), t0 (4), i t  (48), 

9 (70), t l  (117) 

Table  2 

~ = 1 ,  y - ~ 0 . 4  

r N (n)[ * (n) IN (n) f ~(n) 

t-~O, R - ~ - i . t 5  

t .76 
0.510 
0. t44 
0.354.i0-1 
0.869.10~ 
0.213.i0-~ 
0.536.t0-Z 
0 . i37 . t0-3  
0.354. i0-4 
0.980.i0-a 
0.336.t0-5 

0.679880970 
0.666858704 
0.665645360 
0.665462433 
0.665435748 
0.665431355 
0.665430592 
0.665430448 
0.665430420 
0.665430414 
0.6654304t3 

t = i80 ~ 

i .46 
0.950 
0.432 
0.159 
0. 516. i0 -1 
0.146-10 -1 
0.340. i0 ~ 
O. 580.10 ~ 
0 .4 i1 . t0  -4 
O. i43- t0 -4 
0. 589. l0 -5 

R~--1.6  

2.44500t8i 
2. 508i t707 
2. 52789334 
2. 53296422 
2. 534t 5636 
2. 53442748 
2.53448583 
2. 53449690 
2. 53449856 
2. 53449869 
2. 53449868 

t ~ tO0 ~ 

0.332 
0.421 
0.367 
0.235 
0.t08 
0.353.10-I 
0.640.10-~ 
0 . i t4 .10-2  
0.t63.10-z 
0.792. i0-s  
0.193.t0-8 

R = i . 6  

t .  62874487 
I .  643092ii 
i .  6475876i 
i .  6502i3i4 
1.65159i70 
i .652it406 
t .  65225890 
0.65228643 
i .  65228767 
t .  65228576 
i .  65228467 

t ~ 1 8 0  ~ 

2.06 
t .65 
0.979 
0.482 
0.207 
0 .77t . i0-1  
0.236.10-1 
0 .5 i4 . t0  ~ 
0,359.i0-~ 
0.29i .10-a 
0 . t30 . i0  ~ 

R ~ t . 9  

2.53092694 
2.64863449 
2.69900185 
2.71663879 
2.72230122 
2.72405981 
2.72457672 
2.72471065 
2.72473796 
2.72474t09 
2.72474062 
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Table  3 

I 
J N (n) I ~ (n) I N (n) I 1 ~o (n) 

I t = t ,  a ~ 0 . 2  

Z = 0 ,  R ~ - I . 2  Z - - 1 . 6 0 2 ,  R - ~ 2  

1.43 
0. 496 
0.14i 
0.388.t0 -1 
0.i20,10-1 
0,399.10 ~ 
0.139.10 ~ 
0,494.10"-s 
0. t78,10 -3 
0.650,t0-~ 
0.239.10-a 

0.200000000 
0.i83482339 
0.18i474656 
0.i8ii77953 
0.t8113i443 
0.18i12i960 
0.t8tt19768 
0 . i81i i9 i97  
0.18ii1904i 
0.181118996 
0 . i8 i l i8983 

i.62 
1.05 
0.409 
0.488.i0-1 
0.449.10-1 
0.285. i0-I  
0.228.i0 ~ 
0.785.i0 ~ 
0.69i.10 ~ 
0.305.i0 ~ 
0.242.i0-s 

1.20000000 
i.t0253520 
1.05749690 
1.04357033 
1.04i10855 
i.04i23565 
t.04i488i8 
1.04t56454 
1.04155977 
1.04154283 
1.04t53294 

[ i ~ 2 5 ,  *-----0, a : 0 . 2  

Z ~ 0 ~  

3.02 
1.60 
O.lg6 
0 . i l 3  
0.431.10-1 
0.142.10-1 
0.600.i0 ~ 
0.264-t0 ~ 
0.i04. i0 ~ 
0 . i l l . t 0  1 
0 . i36 . i0  ~ 

R ~ - 5 . 2  

0.200000000 
0. t89400000 
0.184239388 
0.1841t7t98 
0. i84040478 
0. i840t8797 
0. i840i4476 
0.i840i3i15 
0.184012612 
0.184012074 
0.184012023 

Z---- t .602, R ~ 5 . 6  

2.99 
i .48 
0.795.i0 -1 
0.273.i0 -1 
0.684.10 -1 
0. t78.i0"n 
0.126.10-~ 
0.310.10 ~ 
0.177.i0 ~ 
0.576.10 4 
0 .6i9 . i0-2 

1.20000000 
1.17843383 
i.i5499479 
i.15431293 
t.t5402944 
t.154i9896 
i.15424456 
t.15424824 
1.t5424633 
1.t5423750 
1.i54237t0 
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conditions at the beam boundary are written as follows: 

z = ~  - :  = T (~;~' + 2~'~,) l / ~ ; ~ , -  ~% 

z = (t -t- 2c#h) V t - -  c~%, q)l = 0. (3 ./3) 

Relationship % = ~o0(z ) is specified implicitly: c~ = ~0(o) is the 
minimum value of the potential c~ _< ~0. The solution is given by 
formulas (3.5) without any changes. Higher derivatives were found by 
differentiation of the equation for ~P0 with the use of its first integral 

%- = % ~' i , ,  ~'o ~ = '~  ( @ -  =~t,). 

The potential was calculated as in the previous case. The results 
are given in Figs. 12, 13. In each bundle of three curves to which 
some value of potential is ascribed, the middle one corresponds to the 
value B = 1 (cylindrical beam), and the other two to g = 25. The 
curve with the greater slope corresponds to the section ~b = 0, and the 
one with the lesser slope to r = 90 ~ In Fig. 13, the latter is shown by 
dashed lines. The cited results can be used to construct periodic fo- 
cusing systems for beams of circular and elliptic cross section. 

Table 3 gives the values of ~(n) and IN(n)l for c~ = 0.2 and differ- 
ent R, z. We note that reduction of c~ hinders the convergence of the 
series. 

3.4. Accelerating electrodes for emission limited by space charge. 
At the beam boundary g = go we have 

% = z'A, r = 0. (3.14) 

Some of the terms in expansion (3.5) can be summed. As a result 
we obtain 

q~ = (z ~ + HE~)'/3cos 4/s arc tg[(l/ 'HE) / z] -t- Q, 

where Q is the polynomial in (3.9). 
The results of calculating the accelerating electrodes are given in 

Fig. 14. As in the two previous figures, this shows equipotential curves 
corresponding m cylindrical (B = 1) and elliptic beams (/3 = 25, ~b = 0 
and ~ = 90~ the curves with the greatest slope correspond to the case 
~ = 2 5 ,  r  
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